Closed-form estimate of curvature for hinged multilayer structures with initial strains is developed. The finite element method is used for modeling of self-positioning microstructures. The geometrically nonlinear problem with large rotations and large displacements is solved using step procedure with node coordinate update. Finite element results for curvature of the hinged micromirror with variable width is compared to closedform estimates.
I. INTRODUCTION
Multilayer structures are widely used in microelectronics, optics and other engineering areas. Recently developed method of three-dimensional micro-and nanostructure fabrication is based on a self-positioning phenomenon of multilayer epitaxial structures with lattice mismatch. 1, 2 Figure 1 illustrates how self-positioning fabrication procedure works. Three material layers are put on a substrate using the molecular beam epitaxy method. Two upper layers have different lattice periods. This leads to the existence of initial strains and initial stresses. The detachment of a strained bilayer from the substrate is done by etching out of a sacrificial layer. Hinges, tubes and other three-dimensional micro-and nanostructures can be fabricated by selecting appropriate physical properties and thickness in two or more lattice-mismatched epitaxial layers.
In order not to use the method of trials and errors it is desirable to be able to predict the final shape of self-positioning structures. Analytical solutions or numerical modeling can be used. Closed-form solutions 3, 4 have been obtained for plane stress conditions or for biaxial free deformation of multilayer structures under thermal influence. However, these solutions have limited applicability for self-positioning hinged structures, which are characterized by a deformation constraint along the line of the hinge detachment from the substrate. Numerical modeling of self-positioning hinged structures 5 shows that the plane stress solution for the curvature radius can be used only for narrow hinges and tubes.
The purpose of the present contribution is to derive a closed-form solution suitable for hinged multilayer lattice-mismatched structures and to perform finite element modeling of such structures. In Sec.II, a generalization of curvature estimate of multilayer structures with initial strains is obtained. Section III presents the finite element procedure developed for the solution of geometrically nonlinear problems. In Sec.IV, this procedure is applied to modeling of a self-positioning hinged mirror. Section V concludes that the analytical solutions can predict the final shape of self-positioning structures in special cases of narrow and wide hinged structures. Computational modeling can be used in general case.
II. CURVATURE ESTIMATION
Certain attention has been devoted recently to the analysis of multilayer structures under thermal and initial strain influence. 3, 4 The papers 3, 4 and the earlier publication 6 contain closedform solutions for elastic multilayer structures in the case of infinite sheet, which experiences spherical bending after application of the initial strain, and in the case of two-dimensional plane-stress geometry, which undergo plane bending. However, these solutions are not appropriate for estimation of curvature for hinges and tubes, which have large enough width and a displacement constraint at least at one of the ends (see Fig. 1 ). The displacement constraint does not allow the multilayer strip to bend in the second direction. In order to obtain a curvature estimate that is suitable for multilayer hinges and tubes, let us consider an elastic multilayer structure under conditions of plane strain shown in Fig. 2 . The structure consists of n layers with thickness t i , i = 1, 2, ..., n. Materials of layers are characterized by the elastic properties E i , Young's modulus and ν i , Poisson's ratio. The layers are under the influence of initial strains ε 0 i , which are due to lattice mismatch or due to thermal loading. Under plane strain conditions full strain in the transverse direction z is equal to zero.
Taking into account that the stress σ y = 0 and using Hook's law
we obtain that the nonzero normal stress in z direction arises in all layers:
It should be noted that the resultant force in z-direction is not zero. However this force does not affect curvature of the multilayer sheet. Employing now Hook's law for the strain ε x we arrive at the following expression for the normal stress σ x in any layer:
This expression has two differences from the expression for the stress σ x used in Reference:
, and an additional multiplier η = (1 + ν) is present before the initial strain ε 0 .
The total strain ε x in the multilayer structure linearly depends on the y-coordinate and can be describes by the following geometry relation using the curvature radius of the structure R:
Here c is the uniform strain component, y b is the location of the line where the bending strain component is zero. Substituting the above relation into (3) we obtain useful expression for the normal stress σ x :
In order to determine unknown parameters c, y b and R it is possible to write down three equilibrium equations for 1) force due to uniform strain:
2) force due to bending strain:
3) bending moment created by the normal stress in respect to bending axis:
Levels
Solving these three equations we obtain the following solution for parameters c and y b and for the curvature K = 1/R:
This equation includes three cases:
), η i = 1 + ν i plane strain (wide strips with bending constraint in one direction).
Solution for an infinite multilayer sheet and a plane stress solution have been obtained previously. 3, 4 A plane strain case is a contribution of this paper. The plane strain solution is suitable for curvature estimate for hinges and tubes, which have sufficient width and bending constraint in one direction.
The curvature estimate for bilayer structures can be obtained by setting n = 2 in Equations (9 -11) and performing complicated algebraic transformations (we used for this purpose Mathematica 7 ):
III. FINITE ELEMENT MODELING
The finite element method is used for computational modeling of self-positioning structures. The geometrically nonlinear problem with small strains and large rotations and displacements is solved as a sequence of linear elastic problems using coordinate update after each step.
8, 9
The finite element equation sytem for a linear problem with initial strains is:
where [k] is the structure stiffness matrix, {u} is the vector of nodal displacements (unknown) and {f } is the load vector expressing the initial strains in terms of equivalent nodal forces. The final shape of a self-positioning structure is obtained in a number of steps n. At each step an increment of the initial strain ∆ε 0 = ε 0 /n is applied, the boundary value problem is solved and the solution vector containing increment of nodal displacements is used to update the nodal coordinates. The algorithm of modeling of self-positioning structures can be presented in the following simplified form:
The number of computational steps depends on the difference between the final and initial shapes of the structure. In actual computations, the number of steps is determined with the use of maximum admissible element rotation per step.
IV. RESULTS FOR A SELF-POSITIONING HINGED MIR-ROR
Experimental procedure of forming a self-positioning hinged micromirror has been developed by Vaccaro et al. 2 A schematic of a hinged mirror structure is shown in Fig. 3 . Starting from the top, the structure consists of a component layer (mirror), two strain layers, a sacrificial layer and a substrate. All sizes in Fig. 3 are given in µm. The strain layers have different lattice periods that causes initial strains in the structure and leads to self-positioning of the mirror after etching out the sacrificial layer. The top strain layer has a thickness t 1 =0.1426 µm and is composed of GaAs with Young's modulus E 1 = 1.239 · 10 4 dynes/µm 2 and a lattice constant a 1 =0.56536 nm. The lower strain layer made of In 0.2 Ga 0.8 As has the following parameters: t 2 =0.0070 µm, E 2 = 1.152 · 10 4 dynes/µm 2 , a 2 =0.57347 nm. The difference in lattice constants creates the following initial strain in the lower strain layer: ε 0 = (a 2 − a 1 )/a 1 = 0.014345.
Since we have estimates for curvature of a hinged structure for two limiting cases, it is of interest to investigate a dependence of curvature on the structure width using computational modeling. Finite element models for hinged structures of different width are generated by sweeping a two-dimensional xy-mesh in the z-coordinate direction. A three-dimensional mesh for the symmetrical half of the structure consists of 484 hexahedral 20-node elements and 2868 nodes. A series of problems for a self-positioning mirror of variable width is solved using 
Here x and y are horizontal and vertical coordinates of some point selected for the radius determination; x 0 and y 0 are coordinates of the hinge detachment from the substrate. The point located at the hinge center is used for the curvature radius estimation. The dependence of the hinge curvature radius on the structure width is presented in Fig. 5 . It can be seen that the generalized relation (11) correctly estimates the curvature radius for narrow strips (plane stress) and for wide strips (plane strain). Numerical modeling can be used for hinges of intermediate width.
V. CONCLUSION
Closed-form estimate of curvature for self-positioning multilayer hinged structures and tubes has been obtained. Hinged structures are characterized by deformation constraint, which prevents bending in the transverse direction. The curvature estimate is derived on the basis of plane strain elasticity solution for initially strained multilayer structure. This solution and the previously published plane stress solution provide curvature estimates for two limiting cases: narrow and wide hinged multilayer strips. With the help of finite element modeling, numerical investigation of curvature radius dependence on the width of bilayer hinged microstructure is performed. Numerical results show that the analytical estimate predicts curvature for limiting cases of narrow and wide hinges. Hinges of intermediate width and more complicated structures can be modeled using numerical methods. 
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